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a b s t r a c t

Mercury is recognized internationally as an important pollutant since mercury and its com-

pounds are persistent, bioaccumulative and toxic, and pose human and ecosystem risks. A

critical aspect of mercury cycling is its bioaccumulation, mainly as methylmercury, along

the aquatic food web resulting in high risk of human exposure through contaminated fish

consumption. Since lake acidity (pH) and mercury methylation are correlated, control of

lake pH through lake liming is a possible option to mitigate mercury bioaccumulation. This

work proposes to use optimal control theory to derive time-dependent lake liming strate-

gies for a tighter control of lake pH. Since the behavior of the freshwater ecosystems such

as lakes is often associated with considerable uncertainties, a robust and realistic analy-

sis should incorporate such uncertainties. This work models the time-dependent uncertain

variations in the basic lake pH value and derives the liming profiles in the presence of such

seasonal pH fluctuations. Established techniques from real options theory are employed for

modeling the uncertainty as a stochastic process, and stochastic optimal control is used for

deriving liming profiles. The approach is critically evaluated through applications to various

case study lakes. Considering the substantial costs associated with liming operations, the

work formulates a multi-objective problem highlighting the tradeoff between accurate pH

control and liming cost. The results of the control problem solution are also compared with

heuristics based liming. The results, while highlighting the success of using time-dependent

liming, put forth certain interesting aspects that might be helpful to a decision maker. The

analysis is expected to make liming operation more reliable, thereby presenting one more

tool to manage the harmful effects of mercury pollution.

© 2008 Published by Elsevier B.V.

1. Introduction

Mercury has been recognized as a global threat to our
ecosystem, and it is fast becoming a major concern to the
environmentalists and policy makers. The adverse environ-
mental and health effects of mercury are being increasingly
acknowledged. For humans, the primary targets for toxicity

∗ Corresponding author. Tel.: +1 6308863047; fax: +1 3129965921.
E-mail addresses: yogendra@vri-custom.org (Y. Shastri), urmila@vri-custom.org (U. Diwekar).

of mercury and mercury compounds are the nervous system,
kidney, and developing fetus. Other systems in the human
body that may be affected include respiratory, cardiovascu-
lar, gastrointestinal, hematologic, immune and reproductive
(USEPA, 1997).

Mercury can cycle in the environment in all media as part
of both natural and anthropogenic activities. Fig. 1 gives a

0304-3800/$ – see front matter © 2008 Published by Elsevier B.V.
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Fig. 1 – Environmental cycling of mercury (USEPA, 2000).

pictorial representation of the atmospheric mercury cycling
(USEPA, 2000). The majority of mercury is emitted in air with
coal fired power plants being the major source. Other impor-
tant air polluters include waste incinerators, industrial and
domestic utility boilers, and chlor-alkali plants. However, a
majority of mercury emitted in air (in elemental or inorganic
form) is deposited into various water bodies such as lakes,
rivers and oceans due to the processes of dry and wet depo-
sition. These water bodies are simultaneously also enriched
in mercury by industrial waste water discharge, storm water
runoffs and agricultural runoffs. Once present in water, mer-
cury is highly dangerous not only to the aquatic communities
but also to humans through direct and indirect effects (USEPA,
2000). Inorganic mercury in water is converted into organic
methylmercury by the process of methylation. Methylmer-
cury accumulates up the aquatic food chains, so that the
organisms in higher trophic levels have higher mercury con-
centration (Jensen and Jernelöv, 1969; DeSimone et al., 1973).
The consumption of these aquatic animals by humans and
wild animals further aids bioaccumulation along the food
chain. Consequently, contaminated fish consumption is the
most predominant path of human exposure to mercury result-
ing in fish consumption advisories at various water bodies
throughout the US.

Owing to such a complex cycling, the successful man-
agement of mercury pollution should consider management
strategies at various stages of the cycle. While doing so, it
is essential to juxtapose the environmental, economic and
social objectives. One option is to restrict mercury bioaccu-
mulation in the water bodies where methylation plays a key
role. Although the exact mechanism of mercury methylation
is still not well understood, experimental studies show that
acidic lakes (lakes with low pH) have high mercury bioaccu-
mulation rates. Hence, controlling lake/river pH is an option
to mitigate harmful effects of bioaccumulation.

This work explores the idea of lake liming to control water
pH for bioaccumulation control. Since natural systems such
as lakes and rivers are dynamic in nature, static decisions

might be suboptimal, and time-dependent liming is expected
to exhibit more accurate pH control. This work uses optimal
control theory to derive the time-dependent liming strate-
gies. It is well known that natural systems are not very well
understood and, consequently, are associated with consider-
able uncertainties that need to be incorporated for a realistic
analysis. The seasonal fluctuations in the base lake pH value
is one such uncertainty which is analyzed here. Effective
uncertainty modeling techniques from real options theory
are implemented to model the time-dependent uncertainty
in base lake pH. The resulting stochastic optimal control
problem is solved using stochastic maximum principle. The
results are compared with those for intermittent and heuris-
tics based liming. The work also formulates a multi-objective
control problem by considering the economic objective in
addition to the environmental objective. The aim is to
understand the various tradeoffs associated with the liming
operation.

The article is arranged as follows. The next section gives
a brief overview of mercury bioaccumulation and the con-
cept of lake liming. Section 3 explains the liming operation
and justifies the use of a systematic approach to decide
the liming strategy. Section 4 describes different lake liming
models, including the stochastic model used in this work.
Section 5 presents a brief overview of the stochastic maxi-
mum principle and formulates the lake liming optimal control
problem. Section 6 presents the results for various control
problem formulations and discusses the important conclu-
sions. The article ends with a summary of conclusions in
Section 7.

2. Mercury bioaccumulation overview

Fig. 2 represents the overall mercury cycling in water bodies
such as lakes and rivers. Mercury can exists in the water bodies
in various forms, the important forms being: elemental mer-
cury (Hg), inorganic mercury (Hg(II)), organic methylmercury
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Fig. 2 – Mercury cycling in water.

(CH3Hg) and complexes of these with dissolved organic carbon
or suspended particulate matter. A number of pathways exist
by which mercury and its compounds can enter the freshwa-
ter environment: Hg(II) and methylmercury from atmospheric
deposition (wet and dry) can enter the water bodies directly;
Hg(II) and methylmercury can be transported to the water
bodies in runoff (bound to suspended soil/humus or attached
to dissolved organic carbon); or Hg(II) and methylmercury
can leach into the water body from groundwater flow in the
upper soil layers (USEPA, 1997). Mercury and its compounds
exist in different segments of the water body such as the
water column, sediment (active and passive), and the biota
(fish).

Once in the water bodies, mercury can exist in dissolved
as well as particulate form and can undergo the follow-
ing different yet simultaneous transformations: elemental Hg
can be oxidized to Hg(II) or volatilized to the atmosphere
(evasion); Hg(II) can be methylated in sediments and water
column to form methylmercury or can undergo reduction
to form elemental Hg; methylmercury can be alkylated to
form dimethylmercury; and Hg(II) and methylmercury can
form organic and inorganic complexes with sediment and
suspended particulate matter. The concentration of each
chemical form depends on the extent of these various trans-
formations, and can be different for each water body.

Of the various chemical forms of mercury, methylmercury
(MeHg) is considered to be the most dangerous due to follow-
ing reasons:

• All forms of mercury can be converted to methylmercury by
natural processes in the environment.

• Methylmercury bioaccumulates and biomagnifies in
aquatic food webs.

• Methylmercury is the most toxic form of mercury.

“Bioaccumulation” refers to the net uptake of a contam-
inant from the environment into biological tissue via all
pathways. It includes accumulation that may occur by the
direct contact of skin or gills with mercury-contaminated
water as well as by the ingestion of mercury-contaminated

food. “Biomagnification” refers to the increase in the chemical
concentration of a contaminant in organisms at successively
higher trophic levels of a food chain as a result of the ingestion
of contaminated organisms at lower trophic levels.

The concentration of methylmercury in large aquatic ani-
mals (such as predatory fishes) is many times more than
its water column or sediment concentration owing to its
high bioaccumulative potential. Generally, the methylmer-
cury fraction in a water column is not more than 25% of
the total mercury content. In lakes without point source
discharges, this fraction is typically less than 10% (USEPA,
1997). However, it has been observed that almost all of the
mercury present in fish tissues is as methylmercury, con-
firming its preferential bioaccumulation. The reason for the
strong toxicity of methylmercury is its strong affinity for sulfur
containing compounds (e.g. proteins). Biological membranes,
including the blood–brain barrier and placenta that tend to
discriminate against other forms of mercury allow a relatively
easy passage of methylmercury and dissolved mercury vapor
(Eisler, 1987). This leads to the previously mentioned harmful
effects.

To summarize, mercury methylation to MeHg is a key step
in the bioaccumulation of mercury in aquatic food chains
(Sorensen et al., 1990). The concentration of MeHg in water
depends on the equilibrium between the methylation and
demethylation reactions, which occur in water column as well
as sediments. Various mechanisms of methylation have been
proposed in literature but the exact mechanism is still not well
understood. The proposed mechanisms include abiotic and
biotic. Abiotic methylation includes photochemical as well as
due to the presence of humic and fulvic acids in the solution
(Nagase et al., 1982). However, abiotic methylation is consid-
ered to be insignificant in most cases. Biotic methylation is
due to the presence of bacteria that excrete methylcobalamine
(Vitamin B12) (Jensen and Jernelöv, 1969). It can be enzymatic
(Wood et al., 1968) as well as non-enzymatic (Bertilsson and
Neujahr, 1971). It has been shown that biotic methylation can
take place in sediment (Winfrey and Rudd, 1990) and water
column (Xun et al., 1987). It has also been proposed that sul-
fate reducing bacteria mediate mercury methylation (Gilmour
et al., 1992). This illustrates that there is considerable uncer-
tainty over the exact methylation mechanism. Studies have
been conducted to understand the dependence of methylation
on the physical and chemical conditions such as pH, dissolved
oxygen, dissolved organic carbon (DOC), temperature, salin-
ity, etc. (Winfrey and Rudd, 1990; Driscoll et al., 1995). These
studies have shown a strong correlation between acidic con-
ditions, i.e. low pH values, and high mercury bioaccumulation
in fish. This correlation could be due to the higher concentra-
tion of bioavailable methylmercury in the ecosystems caused
by altered chemical partitioning of methylmercury across the
sediment–water interface, increased input of methylmercury
to lakes from the terrestrial ecosystems or precipitation, or
increased in-lake production of methylmercury (Winfrey and
Rudd, 1990). Even though the individual contribution of these
factors is not precisely known, the overall strong correlation
between pH and mercury bioaccumulation suggests a possible
option to reduce mercury bioaccumulation. This idea forms
the basis of the lake liming operation which is described in
the next section.
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3. Lake liming

3.1. Lake liming overview

The primary reason for lake acidification is the burning of dif-
ferent fossil fuels causing the emission of various compounds
such as sulphur dioxide and nitrogen oxides into the atmo-
sphere. These compounds oxidize in the atmosphere giving
rise to the formation of hydrogen, i.e. to acidification. Acidi-
fying substances, which are mainly S and N, are deposited on
land and water by wet and dry deposition. Since gases emitted
due to the anthropogenic activities can travel a long distance
before getting deposited, acidification problem has assumed
a global scale. Other natural processes such as the degrada-
tion of organic matter or weathering of the base rock can
also affect lake acidity. However, these are shown to be sec-
ondary in most cases. Acidification reduces the lake pH, and
thereby promotes mercury methylation and mercury bioaccu-
mulation as mentioned in the previous section. In addition to
aiding bioaccumulation, there are also direct adverse effects
of acidic conditions on lake biota. Very acidic lakes (i.e. pH
below 4) are often devoid of fish, frogs, salamanders, cray-
fish, insects, and plankton. Certain fish types are sensitive to
changes in pH and prefer lake waters with pH values rang-
ing from 7 to 9. Because very acidic surface waters can have
toxic concentrations of aluminum in solution, aquatic ani-
mals may be subjected to a potentially lethal double dose
of poisonous acid and metals. Acidic conditions have also
been shown to affect the reproductive processes in aquatic
animals. Therefore, the control of lake pH and hence its acidifi-
cation can be an effective method of avoiding such undesirable
effects.

Although the reduction in the emission of these gases is the
ultimate solution of acidification, this will be a slow process
and will take time to implement. Moreover, harmful effects of
already emitted gases in the atmosphere need to be mitigated.
Therefore, immediate methods need to be resorted to. One
such method is lake liming. Liming is an established practice
with its origins in the Roman era. Soil liming has been exten-
sively practised in the US and UK. The treatment of surface
waters to control acidity (surface water liming) began in Nor-
way in 1920s (Porcella et al., 1989). Since then, the use of liming
as a mitigative techniques has been widespread in the Scan-
dinavian countries. Approximately 8000 lakes and 6000 km of
running water have been limed in Sweden during the last two
decades at an annual cost of about US$ 20 million. This makes
liming one of the most extensive activities applied to preserve
and restore threatened environments (Håkanson, 2003b). Con-
siderable research on lake liming has been conducted in the
United State, Canada, United Kingdom, Finland and Sweden in
the past few years, increasing the overall understanding about
the liming operation. An extensive review of the research work
related to freshwater liming carried out in the last decade can
be found in Clair and Hindar (2005).

Liming is the addition of a base, such as limestone, to
the water body to neutralize acid waters and soils, and
buffer them from rapid fluctuations in pH. The base treat-
ment increases the supply of basic cations, thereby improving
water quality and fostering the presence of a broader array

of organisms than found in acidic waters. The possible liming
agents include: limestone minerals such as calcite (CaCO3) and
dolomite (CaMg(CO3)2), hydrated lime (Ca(OH)2) and soda ash
(Na2CO3). Limestone has been the preferred material because:
(1) it neutralizes the acidity without causing excessively high
or rapidly changing pH; (2) it increases the acid neutralizing
capacity (ANC) with high buffer capacity at typical ambient
pH; (3) it increases the amount of divalent cations, which
are physiologically important to fish and may competitively
inhibit the uptake of toxic metal ions; (4) it provides flexibil-
ity in treatment design owing to its pH solubility relationship;
and (5) it is inexpensive, readily available, and usually contains
few toxic contaminants (Porcella et al., 1989). In Sweden, more
than 95% of liming operations are carried out using limestone
and dolomite (Henrikson and Brodin, 1995). Finely ground
calcite, usually less than 0.2 mm in diameter, is an effective
liming agent. Porcella et al. (1989) discuss the water chem-
istry related to the lake liming operation in detail. In summary,
the deacidification is due to the rapid reaction of calcite with
hydrogen ions and aqueous carbon-di-oxide, increasing the
pH value.

Two important questions related to the liming operation
are:

• What are the cost effective ways of liming?
• What are the ecological effects of liming?

The cost depends primarily on the method of liming. There
are various ways to carry out liming operation: (1) direct addi-
tion of lime to the water body; (2) wetland liming, generally
by helicopter, to create a smoother influence on the lake pH
and prolong the duration of liming; (3) fullscale drainage area
liming to influence the entire catchment area and obtain long-
term effects; and (4) by dosers in the tributaries to the lake
(Håkanson, 2003b). Although the last three methods often
result in more effective liming, they are considerably more
expensive than direct addition of lime in water. There are
various options to carry out direct lime addition, such as:
boat or barge, surface ice (snowmobile), shoreland (tractor),
feeder stream, and air (helicopter, plane). Liming by boat or
barge is the most popular liming method. Lime is usually dis-
tributed in the form of slurry which aids its dissolution leading
to more immediate impact on the lake pH. The selection of
a particular method often depends on criteria such as bud-
get, accessibility to the site, weather conditions, geographical
details, etc.

To answer the second question, many experimental studies
have been conducted to determine the effect of lime addi-
tion on aquatic biota (Findlay, 1996; Hindar et al., 1996; Hincks
and Mackie, 1997; Erikkson, 1998; Morabito, 2001; Prepas et al.,
2001; Håkanson, 2003a). Since these case studies and obser-
vations are site specific, it is difficult to make generalized
conclusions about the effect of liming on lake biota. The
important conclusions can be summarized as:

• Response to acidic conditions and liming is species specific.
There are species that thrive on acidic conditions.

• Changes in biomass and diversity of a particular trophic
level may not always be correlated while liming (Findlay,
1996).
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• Recovery to preacidification stage might take a long time
after initial improvements.

• pH value above 6 often ensures the survival and reproduc-
tion of most species.

An extensive survey of liming strategy (including stream
and catchment liming along with lake liming) and various
aspects related to it can be found in Clair and Hindar (2005)
and Donnelly et al. (2003). This information is used in the
subsequent sections to formulate the lake liming problem.

3.2. Systematic approach to lake liming

Although lake liming has been relatively successful in Scan-
dinavian countries, there are various issues related to liming
that need further in-depth research. These are:

• Liming accuracy: Presently, most liming decisions (liming
dosage) are based on rule of thumb. The amount of lime to
be added is decided using parameters such a lake volume,
current lake pH, targeted pH and water salinity (Håkanson
and Boulion, 2002; Donnelly et al., 2003). These are mostly
static decisions and do not account for the dynamic nature
of the natural system (lake). It is obvious that such heuristics
based decisions do not lead to accurate liming results.

• Cost of liming: Liming entails considerable costs. Hence,
it is essential that the liming operation is optimized to
reduce expenses. Even though the liming technique is
the major factor deciding the expenses, efficient imple-
mentation of the selected technique can reduce expenses.
Previous work in this area includes Håkanson (2003a) and
Riely and Rockland (1988).

• Presence of uncertainty: Liming operation has to deal with
the presence of various kinds of uncertainties, such as the
lack of information on the exact pH of the lake, seasonal
variations in lake pH, and the topological effects of liming.
Moreover, the spatial and temporal effects of liming on lake
biota are subjective. One needs to incorporate these uncer-
tainties in the analysis to make liming implementable.

These issues have restricted a widespread practice of lake
liming in North America.

To make liming more accurate, an effective approach is to
use time-dependent liming where liming decisions (amount
of lime to be added) change with time based on the cur-
rent lake conditions. The reliability of liming can further be
improved if these dynamic liming decisions are based on a
systematic approach rather than heuristics. Such an approach
is expected to simultaneously achieve cost effectiveness. This
refers to the application of control theory, which is the idea
proposed in this work. Control theory has been developed
primarily for various engineering applications. However, nat-
ural systems also present an interesting avenue to implement
these ideas. Recent examples include Shastri and Diwekar
(2006a,b), Ludwig et al. (2003), Chukwu (2001) and Kolosov
(1997), among others. There are different techniques that one
can use to formulate and solve a control problem, such as opti-
mal control, model predictive control, linearized control, etc.
This work proposes to use optimal control theory due to its
following advantages: it does not make any assumption about

the structure of the controller (control law), and it theoretically
works for all types of systems, including nonlinear. Theoreti-
cal details about optimal control are skipped here for brevity,
and interested readers are referred to standard texts such as
Kirk (1970) and Lewis (1986).

The primary requirement to formulate and solve an opti-
mal control problem is a model for the liming operation.
Ottosson and Håkanson (1997) present a simplified determin-
istic model to simulate lake pH in the presence of natural
inputs and liming actions which has been used in this work. It
is, however, important to incorporate uncertainty in the anal-
ysis as mentioned before. Uncertainty can be of two types:
time independent (static) and time dependent (dynamic).
Many of the uncertainties associated with natural systems are
dynamic in nature. Moreover, static uncertainties in dynamic
systems (such as lakes, rivers) can often lead to dynamic
uncertainties. Hence, this work focusses on incorporating
dynamic uncertainty in control problem formulation which
necessitates uncertainty modeling. Real options theory has
dealt with time-dependent uncertain variables and proposes
efficient methods to model those. The modeling basics can
be found in Dixit and Pindyck (1994) and Diwekar (2003) and
are omitted here for the sake of brevity. The applications of
these stochastic modelling techniques in natural systems can
be found in Shastri and Diwekar (2006b) and Diwekar (2005).
Those ideas are used in this work to model the uncertain
parameters associated with the liming operation.

The next section presents the liming model in detail. The
basic deterministic model is first discussed followed by the
stochastic model (nonlinear and linear) which is later used to
formulate and solve the optimal control problem.

4. Lake liming model

4.1. Basic deterministic model

The basic lake liming model is presented in Ottosson and
Håkanson (1997) and further discussed in Håkanson and
Boulion (2002) and Håkanson (2003b). It is a mixed model con-
sisting of both statistical regression and dynamic interactions.
An empirical model is used to predict the initial pH (mean
annual pH). The model also includes a regression that predicts
the natural pH. In addition to these empirical sub-models,
the lake liming model consists of dynamic (time dependent)
interactions. It is a compartmental model with three different
compartments, namely, water, active sediment and passive
sediment. Accordingly, the three model variables are: lime in
water, lime in active sediment and lime in passive sediment.
Four continuous flows of lime connect the three compart-
ments: sedimentation to active sediments, internal loading
from active sediments to water, outflow from the lake water
and transport from active to passive sediments. In addition,
two flows give the inflow of lime from the liming, one to the
lake water and one directly to the active sediments. The model
is easy to handle since all input data can be obtained from
maps and no field measurements are necessary. The neces-
sary input parameters in the equation are: lime distribution
coefficient (Dc), internal loading rate (ILR), dynamic ratio (Dr),
lake water retention time (Rt), sedimentation rate (Sr) and
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active sediment age (ASA). These parameters are dependent
on other basic lake chemical and physical properties such
as lake area, lake mean depth, lake maximum depth, lake
color, lake total phosphorous concentration, drainage area and
mean annual precipitation. The model variables are:

y1: lime in water; y2: lime in active sediment; y3: lime in
passive sediment

The dynamic interactions in the original model proposed
in Ottosson and Håkanson (1997) are represented using
difference equations. For the purpose of control problem
formulation, the interactions are modeled using equivalent
ordinary differential equations. The governing ordinary dif-
ferential equations of the model are:

f1 = dy1

dt
= Lime Input × Dc (0.422 × 0.712) + y2 ILR Dr

− y1

RT × 52
− y1 Sr (1)

f2 = dy2

dt
= y1 Sr + u (1 − Dc)(0.422 × 0.712) − y2 ILR Dr − y2

ASA
(2)

f3 = dy3

dt
= y2

ASA
(3)

The change in the lake pH is computed from the lime in water
variable of the model (y1) using the logical condition given
below:

�pH =
{

log10(LC + 0.01) − AC, if log10(LC + 0.01) − AC > 0

0, if log10(LC + 0.01) − AC ≤ 0

where AC is the additive constant, LC is the lime concentration
= lime in water/lake volume, and lake pH is the lake initial pH
+ �pH

The exhaustive discussion of the model and its validation
can be found in Ottosson and Håkanson (1997) and Håkanson
and Boulion (2002) and hence skipped in this text. The next
section explains a modification to the basic model in order to
make it suitable for optimal control application.

4.2. Modified nonlinear lake liming model

For this work, it is assumed that the initial and natural lake
pH values are known. Hence, the regression sub-models can
be omitted. The dynamic part of the model presented in the
last section is considered for further analysis. In the determin-
istic model, the lake pH is computed from the quantity of lime
in water using a logical condition. However, the presence of a
logical condition is problematic in the formulation and solu-
tion of the control problem. The logical condition, therefore,
must be eliminated, which is done here through a nonlinear
approximation.

The modified model assumes, for the sake of mathematical
representation, that the base pH value of the lake is a result
of the presence of lime in water. Any additional lime, which
represents the actual lime added in the liming operation,
increases the lake pH above the base pH value. A continuous
function relates lake pH value and total lime quantity in water
(which includes the lime quantity corresponding to the base
pH value). In chemistry literature, pH and base concentration

are often correlated using a sigmoidal function. The general
equation for the sigmoidal curve is given as

f (x) = Vmin + Vmax − Vmin

1 + 10[log10(E50)−x]

Here Vmin and Vmax are the minimum and maximum values
of the dependent variable, respectively, E50 is the 50% value
in the given range (where the steepest part of the curve is
situated), and x is the value of the independent variable. To
model the complete sigmoidal variation, the range of interest
of the independent variable is −10 to +10. These values are
represented as vmin = −10 and vmax = +10.

In this work, the sigmoidal curve is assumed to govern the
relationship between lake pH and lime in water (the steepest
part of the sigmoidal curve being around pH 7). Accordingly,
the dependent variable is the lake pH while the independent
variable is the lime quantity in lake water. The pH range of
interest for liming operation is take as 0–10. Thus, Vmin = 0,
and Vmax = 10. Let u be the quantity of lime in water, umax be
the maximum quantity of lime expected in water, umin be the
minimum quantity of lime in water (taken as zero), and umean

be the lime quantity in water corresponding to the initial lake
pH. The lime input u needs to be correlated with a value in the
desired range of the sigmoidal function independent variable
x. vmin and vmax, giving the range of x, correspond with value
umin and umax, respectively. The correlation between u and x
is, therefore, given as

x = −10 + 20
u − umin

umax − umin

where umin = 0. The resulting pH equation is given as

pH = 10
1 + 10[k(log10(E50)+10−20(u/umax))]

where k is a tuning parameter for better approximation. The
value of E50 is adjusted to ensure that the simulation results
for the approximate model match those for the original model
reasonably well. The values for umean and umax will depend on
the properties of the lake being limed. The lake pH is thus
calculated as a function of u, and the actual lime addition is
given by u − umean.

4.3. Modified linear lake liming model

The modification to the lake liming model presented in the
previous section includes a nonlinear sigmoidal function to
approximate lake pH as a function of the lime quantity in
water. It must be noted that the results of the control prob-
lem solution (lime addition profile) must be optimal for the
basic model. This means that the results obtained using the
approximation must also hold for the actual model. The non-
linear model discussed in the last section gives a reasonable
approximation over the considered pH horizon of 0–10. How-
ever, the actual lake pH values are rarely below 4, and are
so only in extreme cases of lake acidification. Hence, the pH
range of interest can be reduced to 4–10. This allows one to
use a linear approximation for lake pH instead of a nonlin-
ear one. A linear relationship gives a better approximation for
the considered range and also reduces numerical complexi-
ties. It must, however, be ensured that the lake pH values are
within the range of interest. Outside this range, the linear vari-
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ation will be much worse than the nonlinear one considered
before.

The basis of the linear model is the same as that for the
nonlinear model. It assumes that the lake base pH is due to
the presence of lime in water. For the linear approximation,
only the linear portion of the nonlinear sigmoidal curve is
considered. The linear model is thus given as

pH = k

Vmax − Vmin

[
vmin + vmax − vmin

umax

]
u

where all symbols have their previously assigned meanings.
For the linear approximation, Vmin = 4 and Vmax = 10 based
on the smaller pH range of interest. The sigmoidal relation-
ship for the independent variable value between −3 and +3
shows a fairly linear relationship. This portion of the curve is
considered here and approximated using a linear relationship.
Accordingly, with reference to the notations used in the pre-
vious section, vmin = −3 and vmax = +3. k is again a constant
used as a tuning parameter for better approximation. The val-
ues of umean and umax again depend on the lake characteristics.
The linear model can, therefore, be written as

pH = k

6

[
−3 + 6

umax

]
u

The quality of approximation using the linear liming model
has been verified through test simulations and found to be
quite good. The results of the test simulations are omitted here
for the sake of brevity. The subsequent discussion in this work
refers to the linear model presented in this section.

4.4. Stochastic lake liming model

It has been mentioned before that the lake liming operation is
complicated due to the presence of various uncertainties. The
natural pH of a lake varies seasonally and hence constitutes
an uncertain parameter. Typical seasonal fluctuations in nat-
ural lake pH are reported in Ottosson and Håkanson (1997).
The data gives fractional change in lake pH for a particular
month over the annual average lake pH value. To include these
variations, the modified lake pH equation is written as

pH = k

6

[
−3 + 6

umax

]
u (1 + ıpH) (4)

where ıpH is the fractional variation in lake pH value for that
time period.

However, the fluctuations represented by ıpH can vary for
different lakes (due to geographic location, land use practices
and other geochemical properties). The determination of the
exact values of ıpH for each lake is not practical. Since this is a
parameter that changes randomly with time, time-dependent
uncertainty modeling techniques can be used. A generalized
representation of ıpH in Eq. (4) using a stochastic process will
also make the liming model flexible for application to different
lakes.

Real options theory presents different ways to represent
and forecast dynamic uncertainty using stochastic processes.
Wiener process, also known as Brownian motion, is a simple
continuous time and continuous state stochastic process. It
can be used to model a variety of continuous stochastic pro-
cesses (Dixit and Pindyck, 1994; Diwekar, 2003). The Wiener

process is represented as

dz = �t

√
dt (5)

where dz is the random variable, and �t is a normally dis-
tributed random variable with zero mean and unit standard
deviation. Random variable dz has the property that the expec-
tation is zero (E[dz] = 0) and the variance is dt (var[dz] = dt).
Using this definition of the Wiener process, the general form
of the Ito process is given as

dx = a(x, t) dt + b(x, t) dz (6)

Here x(t) is the continuous time stochastic variable that is to
be modelled, and dz is the Wiener increment, as defined by
Eq. (5). a(x, t) (drift parameter) and b(x, t) (variance parameter)
are known (nonrandom) functions. Many stochastic processes,
such as simple Brownian motion with drift, geometric Brow-
nian motion and mean reverting Ito process are derived from
Eq. (6). In this work, the mean reverting Ito process is used to
model the natural lake pH variation ıpH. The characteristic
of the mean reverting Ito process is that, although it mod-
els the random variable fluctuations for a short time, in the
long run, the variable is drawn back to the mean value. The
mean reverting process has been used to model many stochas-
tic variables, such as crude oil and copper prices (Dixit and
Pindyck, 1994), relative volatility of non-ideal mixtures (Ulas
and Diwekar, 2004), predator mortality rate in a food chain
model (Shastri and Diwekar, 2006b) and also human mortality
rate (Diwekar, 2005). The equation for ıpH as a mean reverting
process is given as

dy5

dt
= �(dp̄H − y5) + ��√

�t

Here y5 represents the stochastic natural pH variation, � is the
speed of reversion, � is the constant variance parameter, and
dp̄H is the mean mortality rate to which y5 tends to revert. The
expected change in y5 depends on the difference between y5

and dp̄H:

f1 = dy1

dt
= (u − umean) Dc (0.422 × 0.712) + y2 ILR Dr

− y1 − umean

Rt 52
− (y1 − umean) Sr (7)

f2 = dy2

dt
= (y1 − umean) Sr + (u − umean)(1 − Dc) (0.422 × 0.712)

− y2 ILR Dr − y2

ASA
(8)

f3 = dy3

dt
= y2

ASA
(9)

pH = y4 = k

6

[
−3 + 6

umax

]
y(1) (1 + y5) (10)

fito = dy5

dt
= �(dp̄H − y5) + ��√

�t
(11)

Here the parameter representing natural pH fluctuations (ıpH)
becomes an additional state variable (y5), which is modelled as
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a stochastic process represented by equation fito. The stochas-
tic lake liming model is used in this work to formulate and
solve the optimal control problem.

4.5. Model comparison and discussion

Mercury contamination and its bioaccumulation in the
aquatic food web has been studied extensively in the past.
A large number of those studies focus on conducting exper-
iments (field or laboratory) to quantify bioaccumulation and
understand the drivers for the observed effects (Driscoll et al.,
1995; Gilmour et al., 1992; Xun et al., 1987). Modeling, based
on knowledge generated through the experimental studies,
has been used as a predictive tool to understand future impli-
cations and help decision making (Reinfelder et al., 1998;
Landrum et al., 1992), and therefore is an important exer-
cise.

Mercury fate and transport being a critical precursor to
its bioaccumulation in aquatic bodies, it has been modeled
using various approaches. The (dynamic) Mercury Cycling
Model (MCM) (Hudson et al. (1994) and Rajar et al. (2004)) has
been developed using principles of chemical speciation that
is quite comprehensive and incorporates an extensive array
of cause and effect relationships (including bioaccumulation).
The Mercury Study Report to Congress (USEPA, 1997) performs
comprehensive modeling of mercury transportation and fate
at regional and watershed level using various sub-models such
as RELMAP, ISC3, IEM-2M and MCM model. Mercury Maps tool
links air deposition of mercury to fish tissue concentration
(Cocca, 2001). Carrol et al. (2000) integrate three different mod-
els proposed by the USEPA (RIVMOD, WASP5 and MERC4) to
model Carson River mercury fate and transport and focus on
analyzing the uncertainty in methylmercury water column
concentration (Carrol and Warwick, 2001). Håkanson (1996)
propose a catchment/lake model based on dynamic mass
balance approach in order to simulate long term scenarios
and predict the future outcomes of mercury fate in Swedish
lakes. These models focus on the comprehensive modeling to
include transportation in all media (such as air, soil and water).

Since bioaccumulation of mercury in water is of signif-
icant importance, a great deal of effort has also been put
in its modeling. Bioaccumulation being a property of cer-
tain other pollutants such as PCBs, Lead and Arsenic, such
models are often proposed in terms of a general framework
that can be used for the pollutant of interest. These mod-
els assume certain background input and output rates with
the surroundings (such as wet and dry deposition from air)
and focus on modeling the concentration and/or mass of the
pollutant in the aquatic biota. The important types include
physiological-based pharmacokinetic models (Newman and
Jagoe, 1996; Barron et al., 1990), and bioenergetics based tox-
icokinetic models (Landrum et al., 1992; Reinfelder et al.,
1998; Luoma et al., 2005; Luk and Brockway, 1997). Thompson
et al. (2000) discuss probabilistic models for modeling PAH
(polycyclic aromatic hydrocarbons) and highlight its advan-
tages over Equilibrium Partitioning Models. Herendeen and
Hill (2004) study the effect of dilution on contaminant uptake
along the food chain. Matsinos and Wolff (2003) propose an
object-oriented model to link PCB bioaccumulation with the
individual animal interactions.

An exhaustive review of the proposed models is skipped
here for brevity. However, it must be noted that the empha-
sis in these modeling approaches is to be as comprehensive
as possible, and hence the models are often not suitable for
making actual policy decisions on a particular systems such
as a lake or a river. This is because customization of the model
for a specific systems is an arduous task. Moreover, the mod-
els are not amenable to established mathematical techniques
such as optimization and control theory. This means that the
models are excellent to understand wide scale implications
and conduct general scenario studies, but are, in general, not
suitable for making specific policy decisions. Models for policy
decisions often need to be compact, specific and numerically
amenable, a feature of the model presented here.

The model presented in this work focuses on one par-
ticular aspect of mercury cycling that has been utilized for
ecological management and policy development. Since the
work focuses on the control of lake pH which has a sub-
sequent desirable effect on mercury bioaccumulation, the
fate and transportation of mercury is not directly dealt with.
Rather, the model focuses on the geophysical aspects of the
water body. As a consequence, the proposed model is more
specific than the models mentioned before. The previous mod-
eling studies on lake liming include Ottosson and Håkanson
(1997), Håkanson and Boulion (2002), and Håkanson (2003b).
These models have been used for heuristics based policy
making and form the basis for the model proposed in this
work.

Compared to these models, however, the model pre-
sented here has three important distinguishing features: (1)
The model incorporates a rigorous representation of time-
dependent (dynamic) uncertainty. Since natural systems are
often dynamic in nature, it is essential that the stochastic
studies focus on dynamic uncertainties. The model presents a
framework to incorporate such uncertainties which is missing
in the earlier models. The validity of this approach is veri-
fied by comparison with data from published literature (as
explained later while presenting the results). (2) The model
is formulated as a set of algebraic and ordinary differential
equations. It uses knowledge from established chemistry liter-
ature on acid–base reactions to eliminate logical conditions in
the earlier models. This formulation, therefore, is numerically
amenable for applying well established optimization and con-
trol theory techniques from literature. This work presents one
such applications of using optimal control theory. The close
correspondence between the original and the proposed model
results (as discussed later) show that this modeling idea is
a useful one. (3) The work proposes a linear approximation
for the stochastic model that allows more accurate model-
ing when more data is available or when the variations are
relatively low. The linear model is also computationally less
complex, which simplifies the analysis.

Thus, the proposed model is a unique extension of previ-
ous models in this field and should form the basis for various
systematic studies on lake liming. Having highlighted the
important unique features of the proposed stochastic lake lim-
ing model, the work now applies optimal control theory to
the model to derive time-dependent liming policies. Such a
systematic approach to liming becomes valuable when uncer-
tainty is incorporated in the analysis, and is possible as a result
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of the model presented before. The approach and results are
presented in the remaining article.

5. Optimal control problem: stochastic
maximum principle

The work applies optimal control theory to derive the time-
dependent liming profiles. In general, control refers to a closed
loop system, where the desired operating point is compared
with an actual operating point and the system input is manip-
ulated depending on their difference. Conventional frequency
domain techniques are then used to design a controller. The
controller gives the functional relationship between the oper-
ating point difference and the system input. Optimal control
problems on the other hand are defined in the time domain,
and their solution requires establishing an index of perfor-
mance for the system and designing the course (future) of
action so as to optimize the performance index (Diwekar,
1996).

For a deterministic case, Pontryagin’s maximum principle
can be used to formulate the optimal control problem. Other
well known techniques for the deterministic problem solution
are dynamic programming (Hamilton–Jacobi–Bellman equa-
tion) and calculus of variation (Euler–Lagrange equation). The
lake liming model is however stochastic in nature. For such
stochastic optimal control problems, methods based on the
Ito’s lemma need to be used. Stochastic dynamic programming
has been proposed to solve the stochastic optimal control
problems. However, it is computationally very taxing. In this
work, the recently proposed stochastic maximum principle
is used (Rico-Ramirez et al., 2003; Rico-Ramirez and Diwekar,
2004). The main advantage of using this approach is that the
solution to the partial differential equations in dynamic pro-
gramming formulation is avoided. Instead, a set of ordinary
differential equations needs to be solved as a boundary value
problem. The problem formulation is briefly explained below.

Consider a system represented by the following set of dif-
ferential equations:

dx = f (x, u, t) dt + g dz (12)

where x is the state variable vector of dimension n (x(t) ∈ Rn),
and u is the control variable vector of dimension m (u(t) ∈ Rm).
The starting condition for the state vector is given by x(t0) = x0,
and the final condition at time T is x(T). Let 1, . . . , nk be the set
of deterministic states, and nk+1, . . . , n be the set of uncertain
states. The second part of Eq. (12) models the uncertainty. For
the deterministic states, the function g = 0. In optimal control,
there is a time-dependent performance index, which, in this
case, is represented as

J(t0) =
∫ T

t0

F(x(t), u(t), t) dt

where F is the function to be optimized over the time interval
of [t0, T]. The Hamiltonian for this stochastic case is defined
as

H(x, u, t) = F(x, u, t) + �′ f (x, u, t) + 1
2 g2w

where �(t) is the set of costate or adjoint variables (�(t) ∈ Rn)
(the first derivatives of the objective function F with respect
to the state variables), and �′ represents the matrix transpose.
ω(t) represent the second derivatives of the objective function
F with respect to the state variables. This term is included due
to the Ito process contribution. The optimal control law is then
given by the solution of the following set of equations:

State equation

ẋi = ∂H

∂�i
= f, i = 1, . . . , n

Costate equation

−�̇i = ∂H

∂xi
= ∂f ′

∂xi
�i + ∂F

∂xi
, i = 1, . . . , n

dwj

dt
= −2wj

∂

∂xj
fj − 1

2
wj

∂2

∂x2
j

(g2
j ) − �j

∂2

∂x2
j

fj, j = nk+1, . . . , n

Stationarity condition

0 = ∂H

∂up
= ∂F

∂up
+ ∂f ′

∂up
�, p = 1, . . . , m

This is a set of 2n + (n − nk) ordinary differential equations
(state and costate equations) and m algebraic equations (sta-
tionarity condition), and it is solved as a boundary value
problem. The boundary values of the state and costate vari-
ables depend on the problem specification, while the boundary
values for w are given as w(T) = 0 (Rico-Ramirez and Diwekar,
2004). The control trajectory obtained is optimal for the con-
sidered objective function and starting conditions. Due to
the complex set of algebraic and ordinary differential equa-
tions, analytic solution to the problem is not possible. Hence,
the numerical technique of steepest ascent of Hamiltonian is
used.

The primary goal of lake liming is to maintain the pH value
at some desired level or within a desired range. Let pH̄ rep-
resent the targeted pH value, which can be a constant or a
time-dependent parameter. The objective is to achieve the
target pH value as closely as possible, or alternately, to min-
imize the variance of the actual lake pH value around the
targeted pH value. Accordingly, the time-dependent objective
(performance index for the control problem) is mathemati-
cally represented as

J =
∫ T

0

(y4 − pH̄)
2

dt (13)

where T is the simulation time horizon. The stochastic liming
model represented by Eqs. (7)–(11) and the objective repre-
sented by Eq. (13) are together used to formulate the stochastic
optimal control problem as explained above.

Given the stochastic lake liming model and the basics of
the stochastic maximum principle, the subsequent sections
present the results for the lake pH control problem. Initially,
the basic problem of pH control with continuous liming is
discussed. Subsequently, the problem is modified to study
the effect of an additional economic objective (multi-objective
problem) and the effect of intermittent and heuristic liming.
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Fig. 3 – Natural lake pH variation: comparison between
predefined and Ito process variation.

6. Results and discussion

Ottosson and Håkanson (1997) report the typical natural lake
pH variations. This work proposes to use a mean revering
Ito process to model these natural lake pH variations. Fig. 3
shows a comparison between the predefined natural varia-
tion and the variation modeled using the mean reverting Ito
process. It can be concluded from the figure that the mod-
eling of the natural pH variation is quite satisfactory. There
exist some spikes in the lake pH showing large deviation from
the mean value. Such variations are also naturally observed
due to instances of snow melt (low pH value) and eutrophica-
tion (high pH value). Hence the deviation observed using Ito
process modeling should not be of concern.

The various liming problems presented here are solved for
three different case study lakes:

• Small lake with small lime internal loading rate and high
lime settling velocity (lake A)

• Large lake with large lime internal loading rate and low lime
settling velocity (lake B)

• Lake B with severe initial acidification condition

The results for the different formulations are now dis-
cussed. Unless otherwise specified, the target pH value is 7.0,
simulation time horizon is 1000 weeks, and the upper limit
on control variable (lime addition rate) is 100 T/week. Such an
upper limit is expected to be present in actual implementa-
tions due to logistic or equipment limitations.

6.1. Basic lake pH control

The basic lake liming problem where the goal is to control the
lake pH using continuous (weekly) liming is analyzed here.

6.1.1. Lake A
The parameter values for lake A, based on the values reported
in Håkanson and Boulion (2002), are:

Initial lake pH = 6.15
Lake area = 1.26 km2

Lake mean depth = 8.5 m
Lake maximum depth = 26.2 m
Drainage area = 51.5 km2

Mean annual precipitation = 602 mm/year
Active sediment age = 519.6 weeks
Internal loading rate = 0.001 (month−1)
Distribution coefficient = 0.5
Settling velocity = 0.074 m/week
Additive constant = 2.375

The other parameters are computed using these basic
parameters as per the following relationships (Håkanson and
Boulion, 2002):

lake volume = lake area × lake mean depth

water discharge = 0.01 × DrainageArea × precipitation
600

lake water retention time

= lake volume
(water discharge × 60 × 60 × 24 × 365/7)

(weeks)

sedimentation rate

= settling velocity/lake mean depth (week−1)

dynamic ratio = lake area0.5/lake mean depth

It should be noted that the lake has a relatively low lime
internal loading rate and a high lime setting velocity. Due to
these characteristics, the effect of lime addition is not pro-
longed. Any lime addition results in a fast rise in the lake pH.
However, the effect of liming is not maintained for a longer
duration since the lime particles quickly settle in the sediment
compartment and the re-suspension rate of lime from active
sediment to water compartment is low.

Fig. 4 presents the result of the control problem solution,
indicating that the targeted lake pH is effectively achieved.

Fig. 4 – Basic pH control: pH variations for approximate
model for lake A.
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Fig. 5 – Basic pH control: control variable (lime addition)
profile for lake A.

The lake pH rises very quickly within about 1 year and then
fluctuates around the targeted pH for the remaining time hori-
zon. The control variable profile for this result is shown in
Fig. 5. The liming rate is initially high to raise the lake pH
value to the targeted value as quickly as possible. After the
targeted range has been achieved, lime addition rate settles
at a non-zero value for the remaining time horizon. The value
fluctuates continuously to account for the natural variations
in the lake pH. The application of the optimal control variable
profile on the basic lake liming model leads to pH variations
illustrated in Fig. 6. The plot shows that the fluctuations for
the basic model are much less than those for the approximate
model. There is a slight offset for the complete time horizon
due to errors in approximation. Such an error can however be
effectively taken care of by reducing the actual lime additions
by a constant amount throughout.

To ascertain the importance of using stochastic maximum
principle, the stochastic model is solved using the determin-
istic optimal control technique. The natural lake pH variation

Fig. 6 – Basic pH control: pH variations for basic model for
lake A.

Fig. 7 – Basic pH control: comparison between stochastic
and deterministic control for lake A.

is represented using the mean reverting Ito process. How-
ever, the control problem is solved using the deterministic
techniques, i.e. natural pH variations do not affect the opti-
mal control problem solution. This is equivalent to ignoring
the natural pH variations while taking liming decisions. The
result for this problem, along with the result for the stochas-
tic problem is shown in Fig. 7 for the basic liming model. The
plots show that use of stochastic optimal control (stochas-
tic maximum principle) leads to better lake pH control. This
emphasizes that taking liming decisions while ignoring the
natural pH variations will lead to suboptimal results, thereby
highlighting the importance of uncertainty incorporation in
decision making.

6.1.2. Lake B
The liming problem is solved for another lake showing dif-
ferent dynamic characteristics. Lake B is larger in size and is
considered to have a higher lime internal loading rate and a
lower lime settling velocity than lake A. The new values for
the lake B are:

Lake area = 3.26 km2

Internal loading rate = 0.01 (month−1)
Settling velocity = 0.0074 m/week

All other parameter values are same as those for lake A.
Due to the higher internal loading rate and smaller settling
velocity, liming effects are maintained for a longer duration.

Fig. 8 presents the results of the control problem solu-
tion for the modified model (ODE model) as well as the basic
model. The results again show that the targeted lake pH of 7
is maintained for the majority of the duration. For the modi-
fied ODE model, the lake pH value is observed to rise quickly
and fluctuate around the targeted value. For the basic model,
the application of the optimal control profile results in a rela-
tively slower response than the modified model. The response
is also slower when compared with the results for lake A. As
mentioned before, lake B has relatively slower lime dynamics
than lake A which is evident from these results. As observed
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Fig. 8 – Basic pH control: pH variation for lake B.

for lake A, there is a small offset in the final settled lake pH
value for the basic model. However, this offset is quite negli-
gible and hence can be ignored. The optimal control variable
profile for this result is shown in Fig. 9. Similar to the results
for lake A, there is high initial lime input rate to increase the
lake pH quickly to the target value followed by fluctuations
around a lower value. As compared to lake A, the amount of
lime addition is less. The total lime requirement for lake A is
14 194 tons while that for lake B is 2692 tons. This is due to
the slower dynamics of the lime in the lake. The lower settling
velocity allows for a higher dissolution of lime in the water
column, while the higher internal loading rate means that the
lime in the active sediment compartment is returned to the
water compartment at a higher rate. These two complimen-
tary effects allow the target pH to be maintained by a smaller
quantity of lime. The impact of ignoring uncertainty on the
optimal control problem solution is again analyzed by solving
the stochastic model using deterministic control methodol-
ogy. The comparison of the stochastic and the deterministic
control problem solutions for the basic model is shown in

Fig. 9 – Basic pH control: control variable (lime addition)
profile for lake B.

Fig. 10 – Basic pH control: comparison between stochastic
and deterministic control for lake B.

Fig. 10. The plots show that the pH profile resulting from the
use of the stochastic method is again superior to that using the
deterministic method. The nature of difference is however dif-
ferent in this case. There is a higher offset for the deterministic
solution for a longer time duration. Moreover, some spikes are
observed in the controlled lake pH profile resulting in pH val-
ues higher than 7.5. This again highlights the importance of
considering uncertainty in taking liming decisions.

6.1.3. Lake B with severe acidification
The acidification level of various lakes varies depending on the
historical acid deposition patterns as well as the geochemical
and topological characteristics of the lake. Lake pH as low as
4.0 have been found in severely acidified places. It is important
to ensure that the approach of using optimal control strat-
egy and continuous liming gives satisfactory control of such
severely acidified lakes. This has been verified here by solving
the control problem for lake B for a different initial lake pH.
The initial (base) lake pH in this case is 4.5. The target pH is still
7.0. All the other parameters of lake B are maintained. Since
the pH varies over a wider range, it is observed that the linear
modified model does not give a satisfactory approximation to
the basic model. Therefore, the nonlinear model needs to be
used to model the pH variations which leads to more complex
computations.

The lake pH profiles (initial and controlled) are plotted in
Fig. 11. The initial pH fluctuation is observed to be around 4.5.
The controlled profiles indicate that the target pH is satisfacto-
rily achieved. The comparison of the results for the basic and
the ODE based modified model show very little difference. The
results for the basic model show some offset which is not very
significant with respect to the total pH variation. The opti-
mal control profile for these results is shown in Fig. 12. As
compared to the previous two profiles, the lime additions are
maintained at higher values for a considerably larger duration.
This is expected owing to the severe initial acidification condi-
tions of the lake. The comparison of the optimal profiles using
the deterministic and stochastic control solution methods is
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Fig. 11 – Basic pH control: pH variations for lake B with
severe acidification.

shown in Fig. 13. It is observed that the offset for the basic
model is magnified when the deterministic method is used for
the deriving control profiles. The deterioration is however not
very severe and one might argue that the ignorance of stochas-
ticity in decision making might be acceptable. This illustrates
that the importance of using stochastic maximum principle
might vary for different lakes.

6.2. Multi-objective lake pH control

For the control problem discussed in the previous section,
the objective is to achieve the target lake pH as closely as
possible for the complete time duration under consideration.
The financial aspects of liming are not considered in deci-
sion making. The only restriction on the control variable is
an upper bound to account for the logistical and equipment
limitations. Lake liming, however, is expensive. Hence, finan-
cial aspect will have a definite impact on liming decisions.

Fig. 12 – Basic pH control: control variable (lime addition)
profile for lake B with severe acidification.

Fig. 13 – Basic pH control: comparison between stochastic
and deterministic control for lake B with severe
acidification.

Very accurate and continuous lake pH control might require
exorbitant expenses and therefore might force the decision
maker to compromise on the quality of control to make lim-
ing financially feasible. There are thus multiple objectives to be
achieved simultaneously. Such problems appear in almost all
real life decisions and are known as multi-objective problems
in optimization and control theory terminology. The multi-
ple objectives are often conflicting exhibiting a tradeoff. The
decision maker in such cases has to first decide the impor-
tance (weights) of each of the objectives and then solve the
control problem that optimizes the objectives according to
the given weights. The more difficult task for the decision
maker then is to decide the appropriate weights for various
objectives. Quite often the approach taken is to solve the prob-
lem for different weights on the objectives and generate a
Pareto surface (Diwekar, 2003). For the lake liming problem,
the objectives are to achieve the target lake pH and minimize
the liming expenses. Since these are conflicting objectives,
a trade-off analysis is done here to give a quantitative esti-
mate of the interactions of the two objectives. To formulate
the multi-objective optimization problem though, the liming
cost function has to be finalized.

The cost of liming depends on the liming method. The
costs incurred for liming using different methods have been
reported in Riely and Rockland (1988) based on experimen-
tal studies. Since liming by boat or barge is the most popular
method, it is assumed to be the method employed in this
analysis. Based on the values reported in Riely and Rockland
(1988), the average liming cost is $236 per unit Ton of lime.
However, it must be noted that there is a minimum cost of
liming irrespective of the quantity of lime added. This repre-
sents the basic logistic and equipment expense. The fraction
of this cost in the total expenditure typically reduces as the
quantity of lime added is increased. Thus, cost and lime quan-
tity are nonlinearly related. Here, $236 is assumed to be the
minimum required cost for any non-zero lime addition. This
discontinuous function is approximated using a power law as
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Fig. 14 – Comparison between single objective and
multi-objective liming problem solution: lake B.

given below:

Liming cost = 236 u(t)0.25 (14)

where u is the quantity of lime added. This equation is the
mathematical representation of the second objective func-
tion. For the multi-objective problem, the combined objective
function is therefore defined as

J =
∫ T

0

[
w1(y4 − pH̄)

2 + w2 236 u(t)0.25
]

dt

where w1 and w2 represent weights given to each objective
function.

The stochastic optimal control problem solved in the pre-
vious section represents the solution with no importance to
cost objective, i.e. with w2 = 0. To find the tradeoff between
the two objectives, the problem is solved with varying non-
zero weights on the cost objective. The comparative results
for the basic model are shown in Fig. 14. For the sake of
brevity, only the results for lake B are reported here. In the
figure, the controlled lake pH profile for the single objective
control problem solution (w2 = 0) is compared with two differ-
ent multi-objective control problem solutions using different
weights, w2 = 0.003 and w2 = 0.005. For all cases, w1 = 1.0.
Since the relative values of liming and cost objectives are in
different numerical range, weights have to be selected so as to
avoid scaling problems.

The comparison shows that the inclusion of the cost objec-
tive degrades the quality of pH control. For w2 = 0.003, the
pH rises to the target value much later and constantly fluctu-
ates without settling. For w2 = 0.005, the performance is much
worse. The target pH is never achieved during the simulation
horizon. The values of different objectives for these results
are reported in Table 1 which support the conclusions drawn
from the lake pH plots. Although the qualitative conclusions
are logical, quantification through this study illustrates the
nonlinear variation of the objectives with the variations in w2.
For example, increasing the cost objective weight from 0.003
to 0.005 leads to marginal savings in the cost while causing
a significant degradation in the quality of pH control. This
comparison thus illustrates the tradeoff between accurate pH
control and liming cost. Problem solution for different weights
on the objectives will generate the complete tradeoff surface
(Pareto surface). The decision maker can then chose the right
combination of weights and use the corresponding lime input
profile for implementation.

6.3. Approximate pH control

6.3.1. Intermittent liming
The preceding sections reported liming results (for single
objective and multi-objective models) when liming is car-
ried out on a weekly basis. However, frequent liming entails
considerable administrative costs and thereby increases the
overall cost of liming. In cases where lake liming is done
through lime additions in tributaries, continuous lake liming
is a possibility through the use of a barrier that mixes lime
with flowing water on a continuous basis (Donnelly et al., 2003;
Clair and Hindar, 2005). This method however has not been
practiced frequently till now. The most frequently employed
liming method is by using a boat or a barge. Weekly liming
might be difficult to carry out using this method and more
infrequent and intermittent liming might have to be resorted
to. Considering these limitations, this work aims to study the
impact of infrequent liming using optimal control on the qual-
ity of pH control. To perform this analysis, the single objective
liming optimal control problem is solved using monthly lim-
ing. Here, 4 weeks are assumed to constitute 1 month. The
liming decisions are taken only once a month and the lime
additions are forced to zero at all other time instants.

The resulting lake pH profile for lake B is plotted in Fig. 15.
For comparative purpose, the pH variation after weekly lim-
ing is also plotted. The plots lead to the expected conclusion
that the quality of pH control suffers as a result of the less
frequent liming. The total cost of liming, computed using Eq.

Table 1 – Comparison between single objective and multi-objective liming problem solution: lake B

Model Liming objective Cost objective

Value Percentage change Value (US$) Percentage change

Single objective 65.740 – 288 873.34 –
Multi-objective

w2 = 0.003 138.059 110.0 201 889.117 30.11
Multi-objective

w2 = 0.005 298.596 354.2 197 970.242 31.47
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Fig. 15 – Comparison between weekly and monthly liming
results: lake B.

(14), for monthly liming is $170058.09, which is about 41%
less than the total cost for weekly liming. This shows that
if the decision maker is satisfied with a less accurate con-
trol, it can lead to substantial cost savings. The comparison
of the total quantity of lime added is however interesting. The
total quantity of lime used for monthly liming is 21038 tons,
which is significantly higher than that used for weekly liming
(2692 tons). Since liming is done intermittently, large quanti-
ties need to be used during a single addition to sustain the
effect till the next liming activity. This, however, does not
increase the total liming cost due to the assumption used
in modeling the cost function. The function assumes that
any non-zero lime addition is associated with a minimum
cost of $236. Since weekly liming needs much frequent lim-
ing activity, the cost correspondingly goes up. The results thus
indicate certain interesting trends with liming costs and lime
quantity.

6.3.2. Heuristics based liming
As mentioned previously in the article, liming decisions are
currently based on heuristics. The amount of lime to be added
is decided using parameters such a lake volume, current lake
pH, targeted pH and water salinity (Håkanson and Boulion,
2002; Donnelly et al., 2003). Donnelly et al. (2003) present a
decision making procedure used by the Swedish Environmen-
tal Protection Agency to determine the liming method, while
Ottosson and Håkanson (1997) report a calculation method
often used by regional authorities in Sweden to compute
the lake lime additions. The table reported in Ottosson and
Håkanson (1997) is used here to determine the heuristics
based lime addition quantity for lake B with the initial pH as
6.15. Using the table and the lake B parameters, the lime addi-
tion quantity is determined to be 600 tons. It should be noted
that there is no mention of the frequency of liming. Hence,
it is thought that the liming frequency will be determined
by trial and error so as to arrive at a reasonably satisfactory
pH profile. Fig. 16 shows one such approximate profile. Here,
600 tons of lime is added to the lake early in the simulation
horizon. After that, the next addition is split into two liming

Fig. 16 – Heuristic liming results: lake B.

instances of 300 tons each during the 400th and 800th week.
It is obvious from the plot that the computed amount of 600
tons of lime is too high, resulting in unsatisfactorily high lake
pH. When compared with the lake pH profile for optimal lim-
ing schedules presented earlier in the article (on a weekly
and monthly basis), this clearly presents an inferior solu-
tion. It is accepted that the derivation of the liming schedule
using control theory increases complexities and entails addi-
tions costs. However, the resulting benefits obtained through
more accurate pH control should outweigh the costs in most
cases.

7. Conclusion

Mercury as a pollutant is highly dangerous to humans mainly
due to its bioaccumulative nature. Mercury methylation is
an important step in the process. Since acidic conditions aid
methylation, control of the lake pH through external lime
addition, known as lake liming, is a possible solution to mini-
mize the adverse effects. To maximize the benefits from lake
liming, this work proposes time-dependent liming, and the
use of systems theory based technique of optimal control for
decision making. The basic lake liming model from litera-
ture is modified using linear and nonlinear approximations
to formulate the optimal control problem. However, there are
considerable uncertainties associated with the liming oper-
ation, mainly due to the unpredictable natural fluctuations
in lake parameters. This work considers the case of natural
lake pH variations as an uncertain parameter and proposes to
use efficient uncertainty modeling techniques from finance
literature, resulting in a stochastic optimal control problem.

The control problem has been used to derive optimal lake
liming schedules for various case study lakes. The important
conclusions are:

• The use of control theory leads to more efficient lake pH
control for all the cases analyzed in this work. The resulting
lake pH fluctuations are found to be much better than those
after liming using heuristics based liming decisions.
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• The consideration of uncertainty in deriving the liming
profile is important. Ignorance of uncertainties leads to sub-
optimal results and poor lake pH control.

• The control problem can be modified to derive liming sched-
ule for various liming frequencies (weekly, monthly, etc.).

• The optimal monthly liming results when compared
with weekly liming results put forth certain interesting
aspects related to the quantity of lime and the cost of
liming.

• Formulation of a multi-objective problem allows the deci-
sion maker to analyze the trade-off between the cost
and accuracy of pH control which can help in decision
making.

• The model modifications proposed in this article which
allow the formulation of an optimal control problem pro-
vide reasonably accurate results encouraging the use of the
model for future extensions in this field.

Some of the results obtained through this study are qualita-
tively intuitive. However, formulation of the stochastic liming
model and a systematic solution using optimal control the-
ory help in the quantification of these results. In the process,
the results bring out some interesting aspects of the lake lim-
ing operation. The important assertion through this work is
the need to use a systematic approach in lake liming. Such
an approach can lend reliability to lake liming to counter its
lack of implementation in North America. The results should
generate more interest in lake liming, thereby presenting an
additional tool to minimize the harmful effects of mercury
pollution.
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Jensen, S., Jernelöv, A., 1969. Biological methylation of mercury in
aquatic organisms. Nature 223, 753–754.

Kirk, D., 1970. Optimal Control Theory: An introduction.
Prentice-Hall, Englewood Cliffs, NJ.

Kolosov, G., 1997. Size control of a population described by a
stochastic logistic model. Automat. Rem. Contr. 58 (4),
678–686.



Author's personal copy

e c o l o g i c a l m o d e l l i n g 2 1 6 ( 2 0 0 8 ) 1–17 17

Landrum, P., Lee, H., Lydy II, M., 1992. Toxicokinetics in aquatic
systems: Model comparisons and use in hazard assessment.
Environ. Toxicol. Chem. 11, 1709–1725.

Lewis, F., 1986. Optimal Control. John Wiley & Sons.
Ludwig, D., Carpenter, S., Brock, W., 2003. Optimal phosphorous

loading for a potentially eutrophic lake. Ecol. Appl. 13 (4),
1135–1152.

Luk, G., Brockway, F., 1997. Application of a polychlorinated
biphenyls bioaccumulation model to Lake Ontario lake trout.
Ecol. Model. 101, 97–111.

Luoma, S.N., Rainbow, S., Philip, 2005. Why is metal
bioaccumulation so variable? Biodynamics as a unifying
concept. Environ. Sci. Technol. 39 (7), 1921–1931.

Matsinos, Y.G., Wolff, W., 2003. An individual oriented model for
ecological risk assessment of wading bird. Ecol. Model. 170,
471–478.

Morabito, G., 2001. Six years (1992–1997) evolution of
phytoplankton communities after recovery by liming
in Lake Orta, northern Italy. Lakes Reserv.: Res. Manage. 6,
305–312.

Nagase, H., Ose, Y., Sato, T., Ishikawa, T., 1982. Methylation of
mercury by humic substances in an aquatic environment. Sci.
Tot. Environ. 32, 147–156.

Newman, M.C., Jagoe, R.H., 1996. Bioaccumulation models with
time lags: dynamics and stability criteria. Ecol. Model. 84,
281–286.
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