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� Mathematical model for superovulation in IVF treatment.
� Real world patient data used to validate the model.
� The problem of finding optimal drug dosage requirements is formulated as an optimal control problem.
� Significant improvement in quantity of eggs of particular size is obtained by optimal control as compared to the dosage used.
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a b s t r a c t

in vitro fertilization (IVF) is one of the most highly pursued assisted reproductive technologies (ART) worldwide.
IVF procedure is divided into four stages: Superovulation, Egg-retrieval, Insemination/Fertilization and
Embryo transfer. Among these superovulation is the most crucial stage since it involves external injection of
hormones to stimulate development and maturation of multiple follicles or oocytes. Although numerous
advancements have been made in IVF procedures, little attention has been given to modifying the existing
protocols based on a ‘patient specific’ predictive model. A model for follicle growth and number change as a
function of the injected hormones and patient characteristics has been developed and validated for data
available on 50 superovulation cycles. The model has 9 patient specific parameters which can be determined
from the initial 2 days of observation and can help in projecting the superovulation outcome for the ongoing
cycle. Based on this model, the dosage of the hormones to stimulate multiple ovulation or follicle growth is
predicted by using the theory of optimal control. The objective of successful superovulation is to obtain
maximum number of mature oocytes/follicles within a particular size range. Using the mathematical model
of follicle growth dynamics and optimal control theory, optimal dose and frequency of medication
customized for each patient (n¼5) is predicted for obtaining the desired result. The results indicate a better
final day follicle size distribution when the dosage of the hormones is varied by some amounts as compared
to the actual dosage given to the patient in the existing cycles. This ensures a better success rate for the
superovulation cycles and reduces the costs of excess medication and daily monitoring. The idea is to provide
the medical practitioners with a guideline for planned treatment, for a procedure currently based on trial
and error in order to get better success rates.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Around 8–12% couples all over the world suffer from infertility
issues at some point in their lives. In certain regions, mostly some
developing countries this figure reaches to almost one-third of the
total population (Kols et al., 1997), like the countries in sub Saharan

Africa where 64% infertility diagnosis inwomenwere due to infections
like tubal problems, etc. Exposure to excess heat, pesticides and other
harmful chemicals at workplace and drinking water pollutants like
arsenic, etc. are the leading causes of infertility in males in developing
nations. In most of the developing nations it is argued that health
problems like infertility do not make the person ill. However, as per
the definition (Grad, 2002) by WHO (World Health Organization)
health is a ‘state of complete physical, mental and social well-being
and not merely the absence of disease or infirmity’.

In developing nations like India, there is another prevailing
issue of gender inequality which in most cases leads to the
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emotional and social burden of the infertility problem on the
female partner. They are often stigmatized, ostracized and are
physically abused and face domestic violence. In such societies, the
people are ignorant about the reasons for infertility and hence fail
to seek medical help. The cost of accessing infertility treatment
services (Nachtigall, 2006) is also very high. The cost of an IVF
cycle in the US was about $12,513 in the year 2006 (Chambers et
al., 2009), which amounted to 20% of the total annual income of a
median American family. In developing countries like India and
some African countries the cost of an IVF cycle could be more than
50% of the annual income in a family. Thus, for increased
accessibility in developing nations it is important to come up with
better treatment strategies for reducing the overall cycle cost as
well as to improve the success rate.

Tremendous amount of work has been done to create aware-
ness and provide access to infertility treatment services. The
artificial means to achieve pregnancy are termed as assisted
reproductive technology (ART) and include techniques like intra-
cytoplasmic sperm injection (ICSI), intrauterine insemination (IUI),
(gamete intrafallopian transfer (GIFT) and controlled ovarian
hyperstimulation (COH) along with the most widely used proce-
dure of IVF (Quass and Dokras, 2008). Almost 44% of the patients
choose IVF as the treatment procedure. Inspite of its popularity,
IVF still lacks better treatment planning and improved strategies
which can ensure a higher success rate. The treatment protocols
followed by medical practitioners are the same for all patients
irrespective of their variable characteristics, referred to as ‘blanket
approach’ by Fischel and Jackson (1989). They suggest using an
individualistic approach with more caution to avoid the risks
associated with excessive stimulation.

The IVF procedure can be broadly divided into four stages
(Speroff and Fritz, 2005): (i) Superovulation, (ii) egg retrieval, (iii)
insemination/fertilization and (iv) embryo transfer. Fig. 1 (Gordon,
2012) shows a schematic diagram of the overall IVF procedure.
Superovulation is a method to retrieve multiple eggs (matured
follicles) using drug induced stimulation of the ovaries. In normal
female body only one egg is ovulated per menstrual cycle, but with
the use of fertility drugs and hormones, more number of eggs can
be ovulated per cycle.

The most widely used superovulation protocol is the ‘long lupron
protocol’ (Wong et al., 2004). Initially pituitary downregulation is

started on the 21st cycle day by subcutaneously injecting lupron. The
dosage amounts are 10 units per day till the start of the next
menstrual cycle. On the first day of the next cycle, the lupron is
decreased to 5 units and gonadotropins are injected for follicle growth.
Gonadotropins used are follicle stimulating hormone (FSH) or a
combination of FSH and human menopausal gonadotropin (HMG).
HMG is a mixture of luteinizing hormone (LH) and FSH in equal
proportions. The gonadotropins are administered for around 9–12
days depending upon the follicle growth which is monitored every
alternate day after the start of the gonadotropin administration. The
follicle growth is monitored using regular blood tests and transvaginal
ultrasound. The human chorionic gonadotropin (hCG) is administered
when atleast three follicles reach a size greater than or equal to 18 mm
in maximum diameter and the estrogen levels are within the range of
1000–4000 pg/ml. The function of hCG is to induce final maturation.
The egg retrieval is performed approximately after 36 h of hCG
injection by the technique of transvaginal follicular aspiration.

The success of superovulation is critical in proceeding with the
further stages of the IVF cycle. Also, a major portion of the
treatment cost is incurred in superovulation. The fertility drugs
used for inducing multiple ovulations are external hormones
which are very expensive.

The superovulation protocols follow a standard for hormonal
dosage and after the initial dose of FSH the patient requires daily
testing and monitoring to keep a check on her response and thus
modify the dose. Improper dose may result into life threatening
complications like ovarian hyper stimulation syndrome (OHSS) or at
times may not cause any effect in the patient. Also, there are multiple
risks associated with excessive stimulation. Repeated ovulations can
disrupt the ovarian epithelium resulting in malignant transformations
causing epithelial ovarian cancer (Fischel and Jackson ,1989). Excess
stimulation in patients can result in early onset of menopause.

Existing protocols lack planned treatment initiation and are
highly dependent upon the equipments for monitoring. The
current work aims at developing a model based predictive method
for the customized drug dosage in superovulation. The super-
ovulation protocols which lack individualized treatment variations
will get a strong base for better treatment planning. It will reduce
the associated risks with the treatment and will be advantageous
to the health and well being of the patient during and after the
treatment completion.

Fig. 1. Schematic diagram of the IVF procedure (Gordon, 2012). Four stages are (1) Superovulation, (2) egg retrieval, (3) fertilization/insemination, and (4) embryo transfer.
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2. Methodology

In our earlier work (Yenkie et al., 2013), superovulation model
has been developed on the lines of batch crystallization. The
modeling method involving method of moments has been used
as the basis for the follicle growth and number prediction. The
methodology discusses the moment model (Yenkie et al., 2013) for
superovulation, the data preparation for model fitting and valida-
tion, the optimal control methods, their application to super-
ovulation stage for predicting the customized drug dosage and
parameter sensitivity analysis to study the effect of minor changes
and errors in the proposed method.

2.1. Model description

It is assumed that follicle growth is dependent on follicle
stimulating hormone (FSH) administered. The growth term is
written as shown in Eq. (1)

G¼ kCαf sh ð1Þ

Here, G – follicle growth term, k – rate constant, Cfsh – amount of
FSH injected and α – rate exponent.

From the literature by Baird (1987) it can be assumed that the
number of follicles activated for growth are constant for a
particular protocol initiation in a specific patient. Hence the zeroth
moment has a constant value for that patient during the ongoing
cycle. The 0th–6th order moments are used because they help in
better modeling and enable efficient recovery of the follicle size
distributions as against the lower order moments (Flood, 2002).
The moment equations for the follicle dynamics (Yenkie et al.,
2013) can be written as in Eq. (2) and Eq. (3).

μ0 ¼ constant ð2Þ

dμi

dt
¼ iGðtÞμði�1ÞðtÞ; ði¼ 1;2; ::::::::6Þ ð3Þ

Here, G – follicle growth term and mi – ith moment
This model has already been fitted and validated for super-

ovulation cycle data available for 50 patients from our collaborat-
ing hospital in India.

2.2. Data preparation

Table 1 shows the follicle size distribution data for Patient-A.
The follicle size is converted into mathematical moments by
assuming the follicles to be spherical in shape. To convert follicle
size to moments the expression used is shown in Eq. (4), taken
from the literature on batch crystallization by Hu et al. (2005).

μi ¼∑
j
njðr; tÞrjiΔrj ð4Þ

Here, mi – ith moment, rj – mean radius of jth bin, nj(r,t) – number
of follicles in bin ‘j’ of mean radius ‘r’ at time ‘t’ and Δr – range of
radii variation in each bin.

Each moment has its own significance (Randolph and Larson,
1988) and corresponds to some feature of the follicles. The zeroth
moment is a representative of the number, first moment of the
size, second of the area, etc.

2.3. Optimal control and applications

Optimal control is a method used for evaluating the time
varying values of a certain process variable, also known as the
control variable which aids in achieving the desired outcome. In
biomedical field, optimal control has been used for predicting
cancer chemotherapy (Castiglione and Piccoli, 2007) and tumor
degradation. It has also been applied for drug scheduling in HIV
infection treatment (Shim et al., 2003) and for blood glucose
regulation in insulin-dependent diabetes patients (Ulas and
Diwekar, 2010).

There are various methods for solving optimal control pro-
blems such as calculus of variations, dynamic programming,
maximum principle, and nonlinear programming as discussed by
Diwekar (2008). The formerly mentioned methods like calculus of
variation and dynamic programming involve second order differ-
ential equations and partial differential equations respectively,
while nonlinear programming requires discretization of the whole
model equations. On the other hand, the maximum principle
involves only first order ordinary differential equations. This
makes the method more attractive as compared to the other three
methods and hence is employed in this research.

2.4. Control problem for superovulation

The aim of superovulation stage of IVF is to obtain oocytes or
mature follicles in high number (ranging from 10 to 18 follicles)
within a specific size range with the aid of external hormones.
According to literature available on superovulation protocols
(Meniru and Craft, 1997; Wong et al., 2004) and the data of
successful superovulation cycles from our collaborative hospital
in India the expected size of mature follicles range from 18 to
22 mm (diameter). To be more precise, the objective of super-
ovulation is to obtain high number (maximum possible) of
uniformly sized (18–22 mm) follicles on the last day of FSH
administration.

2.4.1. Mathematical formulation
The objective in words in Section 2.4 needs to be translated into

mathematical form for the application of optimal control theory to
the system. The data on superovulation cycles from our collabor-
ating hospital indicates that after the initial 4–5 days of FSH
administration the follicle size and number plots tend to follow an
approximately Gaussian/ Normal nature and as the time pro-
gresses this distribution continues to follow the similar trend with
a shift in the mean value. Fig. 2 provides a better idea of the stated
observation. This distribution is used to define the objective
function in terms of the moments from the model described in
Section 2.1 and in the previous work by Yenkie et al. (2013).

The moment model (Yenkie et al., 2013) for follicle size
distribution prediction and the method for deriving normal dis-
tribution parameters (John et al., 2007) have been used as the
basis for deriving expressions for the mean and coefficient of
variation for the follicle size distribution. The paper by John et al.
(2007) highlights the techniques for reconstructing distributions
from moments and they obtain good approximations of realistic
distributions using some finite order moments. Since the data

Table 1
Variation of follicle size with time and FSH administered.

Size (mm) Number of follicles

Time Day 1 Day 5 Day 7 Day 9

0–4 3 1 0 0
4–8 4 2 0 0
8–12 1 5 3 0
12–16 0 0 5 2
16–20 0 0 0 6
20–24 0 0 0 0

FSH dose (IU/ml) 150 300 300 300
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clearly reflects a normal distribution (Fig. 2) it is quite reasonable
to assume it as an apriori distribution for follicles and the
following mean (Eq. (5)) and coefficient of variation (Eq. (6))
expressions can be derived in terms of moments.

x¼ μ1

μ0
ð5Þ

CV ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2μ0

μ1
2 �1

r
ð6Þ

Here, x – mean follicle size, CV – coefficient of variation, m0, m1 and
m2 – zeroth, first and second order moment respectively.

Thus, the objective of superovulation in mathematical terms is;
to minimize the coefficient of variation on the last day of FSH
administration (CV(tf)) and the control variable shall be the dosage
of FSH with time (Cfsh(t)). The first three moments (zeroth, first
and second) provide us with the mathematical expressions
required for formulating the optimal control problem.

Some assumptions while solving the problem:

1. The follicles have a nearly spherical shape and hence the size
distribution data can be easily converted to the moment data
using the formula represented in Eq. (4).

2. The desired follicle size at the final time is about 18–22 mm
(Meniru and Craft, 1997; Wong et al., 2004). Considering them
to be spherical the radius should be about 9–11 mm.

3. The model involves a total of 9 parameters k, α, m0, and the six
integration constants (ci's, where i¼1,…6). Thus, the initial two
days of FSH administration, observation and data collection are
very crucial for determining the overall treatment response of
the patient.

In order to customize the model for each patient, the parameters
are evaluated using the initial 2 day observations of the follicle size
and counts along with the FSH administered. The assumption
(3) states that we require nine parameters and two days of observa-
tion provide twelve data points, thus making the parameter estima-
tion problem solvable. In this work, the data on the initial two days of
observationwhile administering FSH is used, i.e. in case of Patient A –

day 1 and day 5. Hence, the optimal control for dosage predictionwill
start on the 5th day using the evaluated model parameters and
moment values as the initial conditions.

Along the lines of the mathematical formulae and assumptions
(Section 2.4.1.) the optimal dosage prediction for the desired
superovulation outcome is represented as Eq. (7)

Min
Cf sh

CVðtf Þ ð7Þ

Subject to: (i) Model equations listed from Yenkie et al. (2013)

G¼ kCf sh
α ð8Þ

dμ0

dt
¼ 0 ð9Þ

dμ1

dt
¼ GðtÞμ0ðtÞ ð10Þ

dμ2

dt
¼ 2GðtÞμ1ðtÞ ð11Þ

dμ3

dt
¼ 3GðtÞμ2ðtÞ ð12Þ

dμ4

dt
¼ 4GðtÞμ3ðtÞ ð13Þ

dμ5

dt
¼ 5GðtÞμ4ðtÞ ð14Þ

dμ6

dt
¼ 6GðtÞμ5ðtÞ ð15Þ

(ii) Additional equations for CV (Cv) and mean (x) are added and
are represented as Eq. (16) and Eq. (17), respectively.

dCV

dt
¼ Gμ0

CVμ1
1�μ2μ0

μ1
2

� �
ð16Þ

dx
dt

¼ G ð17Þ

(iii) The mean size of the follicles must not exceed 22 mm in
diameter and since we are assuming a spherical follicle so xr11.

Remember that moments of first seven orders (0–6) are used.
From the expressions (5) and (6) for the mean and coefficient of
variation it is clear that we require the moments of order zero, one
and two. However, the follicle size distribution has been divided
into six bins and hence it is essential to use atleast seven (6þ1)
orders of moment for follicle number back prediction as per the
method suggested by Flood (2002) and adapted in Yenkie et al.
(2013).

2.4.2. Solution method
The control problem has 9 state variables resulting in 9 state

equations (see (Eqs. (9)–17)). For simplicity of notations ‘yi’ is used
to denote the ith state variable. The solution method chosen is
Maximum Principle, since it has advantages over the other
methods like calculus of variation, dynamic programming and
discretized non-linear programming (Diwekar, 2008). This
method for optimal control requires introduction of an adjoint
variable corresponding to each state variable. Thus we intro-
duce 9 adjoint variables resulting in 9 additional equations (see
Eqs. (20.1)–(20.9)).

Let zi be the ith adjoint variable. The objective function is then
converted to another form called as Hamiltonian “H” (Eq. (21))
which involves the state as well as adjoint variables (Eq. (22)). The
optimality condition for the problem is given by Eq. (23). A
tolerance level is fixed for the derivative of the Hamiltonian with
respect to the control variable “dH/dCfsh” and can be written in a
more realistic manner as the condition ‘abs[dH/dCfsh|t]otolerance’.
It is important to note that, in the maximum principle technique,
initial values are available for the state variables whereas final

Fig. 2. Follicle size showing normal distribution on day 5 and day 7 for Patient – A.
The discrete data points are joined by continuous curves and the profiles follow the
normal distribution trend with an increase in the mean value as the cycle time
progresses.
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values are available for the adjoint variables. This results in a two
point boundary value problem. The initial conditions for state
variables ‘yi’ and final conditions for adjoint variables ‘zi’ for Case I:
Patient A are shown in Table 2.

Let yi ¼ ½μ0 μ1 μ2 μ3 μ4 μ5 μ6 CV x� then

MaxCf shðtÞf�y8ðtf Þg ð18Þ

dyi
dt

¼ f ðyi; t;Cf shÞ ð19Þ

dzi
dt

¼ ∑
9

j ¼ 1
zj
∂f ðyi; t;Cf shÞ

∂yi
¼ f ðyi; zi; t;Cf shÞ ð20Þ

dz1
dt

¼ 0 ð20:1Þ

dz2
dt

¼ �z8Gy1
y22

y1y3
y22y8

þy8

� �
�2z3G ð20:2Þ

dz3
dt

¼ �z8
�Gy1
y2

� �
y1

2y22y8

� �
�3z4G ð20:3Þ

dz4
dt

¼ �4z5G ð20:4Þ

dz5
dt

¼ �5z6G ð20:5Þ

dz6
dt

¼ �6z7G ð20:6Þ

dz7
dt

¼ 0 ð20:7Þ

dz8
dt

¼ z8Gy1
y22

1þy2
2y8

2

y1y3

� �
þ2Gz3y23y8

y1y3
�6Gz4y8y22

y1
ð20:8Þ

dz9
dt

¼ �z8
Gy1

3y3
y24y8

�y8y1

� �
�2z4y1G ð20:9Þ

H¼ ∑
9

i ¼ 1
zif ðyi; t;Cf shÞ ð21Þ

H ¼ z1ð0Þþz2ðGy1Þþz3ð2Gy2Þþz4ð3Gy3Þþz5ð4Gy4Þ

þz6ð5Gy5Þþz7ð6Gy6Þþz8
Gy1
y2y3

1�y1y3
y22

� �� �
þz9G ð22Þ

dH
dCf sh

����
����
t

¼ 0 ð23Þ

The system of (Eqs. (19) and 20) are solved stepwise; beginning
with the state equations which are integrated in the forward
direction from starting time t0 till the end of the process or final

Table 2
Input data for Patient A.

Case I: Patient A

Parameter Value
k 54.281
α �0.7103

State variable Initial value (t0) Adjoint variable Final value (tf)

μ0 (y1) 16 z1 0
μ1 (y2) 64 z2 0
μ2 (y3) 288 z3 0
μ3 (y4) 1360 z4 0
μ4 (y5) 6576 z5 0
μ5 (y6) 32,224 z6 0
μ6 (y7) 159,168 z7 0
Cv (y8) 0.354 z8 �1
x (y9) 4 z9 0

Fig. 3. Flowchart for optimal FSH dosage evaluation using method of steepest ascent for solving the maximum principle problem (adapted from Benavides and Diwekar
(2012) and Yenkie and Diwekar (2013)).
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time tf. After this, the adjoint equations are integrated in the
backward direction. Also, the optimality condition (Eq. (23)) needs
to be satisfied at every time point. This results in the use of an
iterative solution procedure (Benavides and Diwekar, 2012; Yenkie
and Diwekar, 2013). The details can be seen in the flowchart in
Fig. 3.

The optimal control procedure yields the optimal dose of FSH
to be administered to get successful superovulation for the specific
patient. The predicted results are in the form of amounts of FSH to
be given to the patient on each day of the cycle. However, in order
to verify whether the predicted doses gives a better outcome in
terms of the oocyte or final follicle count and size it is essential to
get the results for the follicle size and number in terms of a follicle
size distribution.

The FSH dose along with the model parameters for the specific
patient are known, so if they are plugged in the model equations
for the superovulation (here the integrated form of Eqs. (8)–(15))
we can evaluate the moment values. Knowing the moment values
from optimal FSH dosage, the follicle back prediction method
mentioned in Yenkie et al. (2013) is used. The follicle number
prediction is performed by using Eq. (24).

μ¼An ð24Þ
Here, n – a vector for number of follicles in n bins on the ith day

μ is the a vector of moments for ith day, A is the inversion
matrix derived from Eq. (1)

However, instead of using a restricted inversion matrix ‘A’ of
(6�6) dimension we extend the number of size bins to 8. This
results in modification of A (Yenkie et al., 2013) and the matrix
now has a dimension of (6�8) as shown in Table 3.

The matrix ‘A’ is used along with the constrained non-linear
optimization algorithm called as the ‘Follicle number prediction’
algorithm (Yenkie et al., 2013) to predict the final follicle size
distribution (FSD). The moments evaluated from the optimal FSH
dosage values obtained from the maximum principle strategy
mentioned in Fig. 3 are used for the prediction of final FSD. This
predicted distribution is compared against the FSD observed for
the FSH dose actually administered to the patient under study.

2.5. Sensitivity analysis

The model parameters and assumptions are prone to changes
and errors since biological processes have uncertainties and
variability associated with them. Hence, sensitivity analysis
(Pannell, 1997) is performed to test the possible impact of these
changes and errors on the overall accuracy and outcome predic-
tion. In this case, sensitivity analysis is performed to study the
effect on the final day FSD obtained from optimal FSH dosage
regime in face of variation in the parameter values for the patient.

The model parameters ‘k’ and ‘α’ are varied by 75% from their
values obtained from model fitting. The formula used for evaluat-
ing the perturbed parameter values is shown in Eq. (25) for
parameter k and the same is applicable for α.

knew7 ¼ kmf it70:05 kmf it

�� �� ð25Þ

Here, knew7 – the parameter values obtained from positive and

negative perturbations, kmfit – parameter value known initially
from model fitting and |kmfit| – absolute value of the parameter.

Thus, we have two new sets of parameter values for each
patient. Using these and the optimal FSH dosage profile predicted
from the control procedure in Section 2.4, the model simulation is
performed to obtain new moment values. The moment values are
then used to predict the final day FSD using the follicle back
prediction method. The new set of parameter values for patient A
and B with positive and negative deviations required for sensitiv-
ity analysis are shown in Table 4.

3. Results

3.1. Results from optimal control

In customized dosage prediction, the model is fitted and opti-
mal control profile is obtained for each patient separately. Also, the
FSH dose administered on the day of start of optimal control (day
5 in case of patient A) is used as the initial guess for all the
successive days. Using the iterative procedure shown in Fig. 3, the
optimal dosage regime for the patient is evaluated. The results
for five patients are shown to highlight the variation in the dosage
as well as the improved final follicle size and counts in the
desired range.

The details of the inputs for solving the optimal control
problem for the patient A are shown in Table 2. The starting time
for dosage prediction is t0¼5th day and the final time is tf¼9th
day (the day when FSH administration is stopped and hCG trigger
is given for final maturation of the follicles). For the initial profile,
we assume a constant dose of 150 IU/ml for each day. The optimal
control is started at day 5 because the data on previous days has
been used to fit the model parameters.

The FSH administered to patient A by the currently used
protocol is usually maintained at a constant value as shown in
Fig. 4a by the ‘diamond shaped’ markers, but the optimized FSH
shown by the ‘cross shaped’ markers show a decreasing trend in
FSH requirement as follicle growth progresses. Fig. 4b indicates
that there is higher number of follicles in the desired size range
when optimized FSH dosage regime is followed as against the
constant FSH given to the patient in the actual case. Also, the FSH
requirement is reduced by 14.26% in this case (Table 5).

Some more results are shown in Figs. 5–8 along with a
summary of the observations for all the 5 Patients A, B, C, D and
E in Table 5. Patient B has a higher follicle count (23) which enter
into the growth stage. There are 4 more follicles in the desired size
range as well as 6.61% reduction in FSH requirement shown in
Fig. 5a and b. The number of follicles entering the growth stage for
patient C is 8, reduction in FSH requirement is 29.94% with
increased follicles in the desired range from 0 to 2. Similarly, the
results for Patient D and Patient E can be interpreted from Table 5.

3.2. Results from sensitivity analysis

The sensitivity analysis by variation in the parameter values has
been performed for all the patients in this study. The results are

Table 3
Inversion matrix A with dimension (6�8).

2 6 10 14 18 22 26 30
2 18 50 98 162 242 338 450
2 54 250 686 1458 2662 4394 6750
2 162 1250 4802 13,122 29,282 57,122 1Eþ05
2 486 6250 33,614 118,098 3Eþ05 7Eþ05 2Eþ06
2 1458 31,250 235,298 1Eþ06 4Eþ06 1Eþ07 2Eþ07

Table 4
Parameter value variation for sensitivity analysis.

Patient Parameter Model fitted þ5% Deviation �5% Deviation

A k 54.281 56.995 51.567
α �0.7103 �0.6748 �0.746

B k 10 10.5 9.5
α �0.64 �0.6058 �0.6695
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reported for two cases: Patient A with a low follicle count of 8 and
Patient B with a high follicle count of 23, to see the effect on final
outcome. The variations in the final day FSDs for Patient A are
shown in Fig. 9 and Table 6 reports the number of follicles in the
desired size range for the actual and 3 sets of parameter values
(model fitted, þ5% deviation and �5% deviation). Similarly,
the results for Patient B are shown in Fig. 10 and the observations
are summarized in Table 6. It can be seen in both cases that when
the parameter values are increased by 5% there is a slight shift in
the FSD towards the right whereas in case of 5% decrease in
parameter values there is a slight shift towards the left. However,

the results are still better than the actual case with only slight
change from the optimal case. We have reported the sensitivity
analysis results for two patients since this is the general trend
shown by all the other patients.

4. Discussion

This work is an extension of the mathematical model proposed
for the superovulation stage of IVF in Yenkie et al. (2013). The aim
is to predict the dosage regime for the FSH during the growth
phase. Previous reports on IVF superovulation have never
addressed the issue of customizing drug delivery for IVF patients.
This is the first study where an optimal control procedure based
on a mathematical model and concepts of normal distribution has
been applied for customized dosage prediction in IVF. The results
obtained for all the five patients discussed in the current study
predict an improvement over the dosage given to the patients in
the previous treatment cycles. They not only predict a decrease in
the FSH usage but also an increase in the follicle count of the
desired size on the final day of FSH administration. The sensitivity
analysis results show slight shifts in the follicle size distributions,
however the overall impact of these changes on the results are not
significant.

Fig. 4. (a) Optimal FSH dose against the administered dose (Patient A). – Actual
FSH administered to the patient. – FSH dose predicted by optimal control.
(b) Final FSH day follicle number prediction (Patient A).

Table 5
Summary of results for Patients A, B, C, D and E.

Patient (no. of
growing follicles)

FSH (used) FSH (opt) No. of follicles
(9rmeanr11)

% Reduction
in FSH

(used) (opt)

A (8) 2100 1837.91 4 6 14.26
B (23) 975 914.52 12 16 6.61
C (8) 2700 2077.79 0 2 29.94
D (18) 1050 916.81 10 14 14.53
E (5) 2700 2304.7 0 1 17.15

Fig. 5. (a) Optimal FSH dose against the administered dose. (b) Final FSH day
follicle number prediction (Patient B).
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The overall benefit can be analyzed as the following key costs:

(i). Financial cost – The decrease in FSH requirement will save
cost of excess medicines. The model based projection of drug
doses will cut down the monitoring costs significantly. Since
the drug delivery will be customized to the patient’s initial
treatment response, it will also ensure a better success rate
thus saving the costs on unsuccessful endeavors.

(ii). Time cost – The investment of time and labor on continuous
monitoring can be reduced to a certain extent by using the
guided treatment. Optimal FSH administration will ensure a
better chance at succeeding and increasing the number of
follicles retrieved. Sufficient embryos can be made available
for fresh transfers and some will be left over for cryopreser-
vation (Edwards et al., 1996). Those can be used in the next
IVF cycle if the patient fails to become pregnant in the
existing cycle. Thus, the time needed for the superovulation
stage, which amounts to a month or more can be saved.

(iii). Emotional cost – Since superovulation involves the adminis-
tration of external hormones it affects the emotional state of
the patient significantly. When the results are unfavorable
the patient and her family may suffer from burden of grief
and disappointment.

(iv). Health risks – The superovulation failures can be very hazar-
dous. Higher dose of medicines may result in ovarian hyper
stimulation syndrome (Fischel and Jackson, 1989; Speroff and

Fritz, 2005), which at times can be life-threatening. Also the
external intake of hormones may increase the chances of
ovarian cancer.

On the whole, the current work provides a novel methodology
for saving overall IVF treatment costs. Also, the advantage lies in
the treatment variation depending upon each patient's initial
response. Since every human has variations it is hardly reasonable
to use the same protocol for all. This approach will help the
medical practitioners to modify the treatment protocols and
ensure a better success rate with lesser chances of health risks.

5. Conclusions

The application of optimal control theory to superovulation
provides a new approach for model predictive drug delivery in IVF.
The mathematical formulation of the objective function in terms of
the coefficient of variation, by utilizing the concepts of normal
distribution provide a reasonably good estimate of the final out-
come. The method of maximum principle uses a well-defined
strategy and the optimal dosage regime predicted for the patients
increase the follicle count in the desired size range. The sensitivity
analysis performed show the robustness of the optimal control
results in face of variability in model parameters, thus highlighting

Fig. 6. (a) Optimal FSH dose against the administered dose. (b) Final FSH day
follicle number prediction (Patient C).

Fig. 7. (a) Optimal FSH dose against the administered dose. (b) Final FSH day
follicle number prediction (Patient D).
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the importance of the suggested method for real world imple-
mentation. Also, the failure rate of the dosage regime predicted
by the stated method is expected to be low, since it will be

customized for each patient based on their initial response.
Predetermined dosage would save the cost of excess medicines
and also the requirements of daily monitoring and testing.

It can be said that the applications of control principles to a
medical treatment procedure like IVF which are majorly based on
trial and error get a good basis for planned treatment initiation.
Also the current work has been done in collaboration with
clinicians and involves the use of real patient data, thus making
the study more emphatic as compared to theoretical work.
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